Juan Andrés Cabral

Exchange economy exercises

Consider an exchange economy with two consumers and two goods. The consumption set of each agent
is X; = Ri. The total endowment of initial resources is w = (1,1). Determine the set of Pareto efficient
allocations for each of the following pairs of preferences:

1. uy(zi, 23) = min{z}, 223}, wa(2?,23) = min{x?, 23}


https://cabraljuan.github.io/Website/

Juan Andrés Cabral

Solutions

1. The total initial endowment of resources is w = (1,1). This means the sum of the allocations for each
good must equal the initial endowment, i.e., 2} +2% =1 and 23 + 23 = 1.

Any allocation (z1, 23,22, 23) must satisfy the constraint that the total resources are divided between
the two agents. Therefore, we have:

1 1 2 1
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ry=x, =y, ¥=1-x a3=1-y

For Agent 2, their utility is maximized when 2% = 22, which means 1 — 2 =1 —y or x = y. Let’s see
what needs to happen for Argent 1:

If, for example, #2 > x1 > x1/2 this means: y > z > 2/2 (and therefore 1 —x > 1 — y), then
uy (2, y) = min{z, 2y} = <y = u1(y,y)
u(l—z,1—y)=min{l —z,1—y}=1-y<l—-cz=u(l-y,1—y)
That is, the allocation (z1,23, 22, 23) = (z,9;1 — 2,1 — y) is dominated in the Pareto sense by the

allocation (z1, 23,23, 23) = (y,y;1 —y,1 — y).

On the other hand, if x1 < x1/2 < #1 this means y < /2 < z (and therefore 1 — x < 1 — y), then

uy (2, y) = min{z, 2y} =y = u1(y,y)
w(l—z,l—y)=min{l—z,1-y}=1-z<l-y=u(l—y,1—y)

That is, the allocation (2}, 23,22, 23) = (y, y; 1—y, 1—y) Pareto dominates the allocation (x},x3, 22 22) =
(xay;]- —LU,]. _y)
Let’s check for y = x/2, then
ui(z,z/2) = min{z,z} = x
ug(l—2,1—2/2) =min{l —2,1 —z/2} =1-=z
therefore, as long as § = y both agents are indifferent to the consumption variation of the second good.

Let’s check for /2 < y < x, then
Uy (ZL’, y) = min{xa Qy} =z

up(l—z,1—gy)=min{l —z,1—y}=1-=x
therefore, as long as 2/2 < y < x both agents are indifferent to the consumption variation of the second
good.

Combining these conditions, we get the set of allocations that are Pareto efficient:

{(z}, 2}, 22 23) = (z,y;1 — 2,1 —y):0<2<1,Z <y<z}
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2. Since the utility function of the first agent only depends on the first good and that of the second agent
only depends on the second good, the only Pareto efficient allocation is

ot = (ehah) = (1,0), o? = (a}.23) = (0,1)

3. Agent 2 is indifferent to the first good. The only Pareto efficient allocations are of the form

ot = (z1,73) = (1,1), 2*=(2},23)=(0,1—1), 0<t<1
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